Abstract. The Lamarle formula is known as a simple relation between the Gaussian curvature and the distribution parameter of a non-developable ruled surface. In this paper, we obtain the Lamarle formula of a non-developable ruled surface with pseudo null base curve and null director vector field in Minkowski 3-space. We also obtain the corresponding striction line and distribution parameter of such surface. We prove that there is no Lamarle formula when the director vector field is spacelike and its derivative is null, because the ruled surface in that case is a lightlike plane. Finally, we give some examples.
Introduction
The study of the ruled surfaces plays an important role in classical differential geometry and has many applications in computer aided-designs, projective geometry, kinematics, spatial mechanisms, etc. The ruled surface in Euclidean space E 3 has a parametrization of the form x(s, t ) = α(s) + t e(s), where α(s) is a regular curve and e(s) is a non-zero vector field along the curve. Without loss of generality, we may assume that e(s) is a unit vector field, i.e. ||e(s)|| = 1. A regular curveᾱ(s) lying on the ruled surface x(s, t ) in E 3 with a property 〈ᾱ ′ (s), e ′ (s)〉 = 0 is called a striction line. If e and e ′ are the unit vector fields, then {e, e ′ , e × e ′ } is an orthonormal frame (Sannia frame [5] ) in E 3 , so the condition g (ᾱ ′ , e ′ ) = 0 implies and it measures a component ofᾱ ′ perpendicular to e × e ′ . If the Gaussian curvature K (s, t ) is not identically zero on x(s, t ), then there exists a simple relationship between K (s, t ) and the distribution parameter given by
(s)e(s) + D(s)e(s)
examples.
Preliminaries
The Minkowski 3-space E 3 1 is the Euclidean 3-space E 3 provided with the standard flat metric given by
where (x 1 , x 2 , x 3 ) is a rectangular coordinate system of E If α is a pseudo null curve in E 
where the first curvature κ can take only two values: κ = 0 when α is a straight line, or κ = 1 in all other cases. In particular, the following conditions hold:
The cross products of the frame's vectors are given by
Recall that the Lorentzian vector product of two vectors u = (u 1 , u 2 , u 3 ) and The image of the map
is called a ruled surface in E The Gaussian curvature K (s, t ) of the non-degenerate ruled surface with parametrization 
is the unit normal vector field on x(s, t ).
Definition 2.5. Non-degenerate ruled surface in Minkowski 3-space is called a non-developable surface, if its Gaussian curvature K (s, t ) = 0 at each point of the surface. Denote by S the ruled surface in E 3 1 with parametrization
where α is a pseudo null base curve and e is a director vector field along α. In this section, we obtain the Lamarle formula of the ruled surface (3. 
1). Then the striction line of S is given byᾱ
Proof. Assume that the curveᾱ(s) lies on the ruled surface S. Then
where u(s) is a differentiable function. Next assume thatᾱ satisfies the condition g (ᾱ ′ , e ′ ) = 0.
Differentiating the equation (3.3) with respect to s, we obtain
By taking the scalar product of the both sides of the last equation with e ′ and using the conditions g (e, e ′ ) = g (ᾱ ′ , e ′ ) = 0, and g (e ′ , e ′ ) = 1, we get
Substituting this in (3.3) we obtain (3.2).
In particular, it can be easily verified that the striction line is a unique. Differentiating the equation (3.2) with respect to s, we get
Multiplying the last equation with e, it follows that
By using (3.4), the following theorem can be proved. 
Proof. Assume that S has the parametrization (3.1). By taking the partial derivatives of the relation (3.1) with respect to s and t , we obtain respectively
s), x t = e(s).
Hence the coefficients of the first fundamental form are given by
By using (3.4), it follows that
Therefore, S is a timelike surface if and only if g (α ′ , e) = 0. 
Proof. By taking the scalar product of the relation (3.5) with e, we get the relation (3.6). If g (ᾱ ′ , e) = 0, by using the relation (3.4) we have g (α ′ , e) = 0. The last equation and the relation g (e, e ′ ) = 0 imply that the spacelike vector α ′ is collinear with the null vector e, which is a contradiction. Therefore, g (ᾱ ′ , e) = 0. 
Proof. Assume that the ruled surface S has the parametrization (3.1). By taking the partial derivatives of the relation (3.1) with respect to s and t , we obtain
By using Theorem 3.5, it follows that the coefficients of the first fundamental form are given
On the other hand, by taking the partial derivatives of (3.7) with respect to s and t , we find
By using (2.6), it follows that the unit spacelike normal vector field on S is given by
Since x t t = 0, the coefficient N = g (x t t , η) of the second fundamental form is zero. Next the relations (3.8), (3.10) and (3.11) imply
Therefore,
Finally, the relations (3.9) and (3.13) imply that the Lamarle formula has the form
Example. Let S be the ruled surface in E According to Theorem 3.1, the striction lineᾱ of S is given by (Figure 3) α(s) = (e (b) e is a spacelike vector field and its derivative derivative e ′ is null. Then we may assume that e is the unit spacelike vector field, i.e. g (e, e) = 1. 
Proof. Assume that the ruled surfaceS has the parametrization x(s, t ) =ᾱ(s) + t e(s),
whereᾱ is the striction line and e is director vector field satisfying the conditions g (e, e) = 1 and g (e ′ , e ′ ) = 0. It follows that directory curve e(s) is a null curve lying in the unit pseudosphere S 2 1 (1). Therefore, e is a null straight line. Up to isometries of E 3 1 , we may assume that e has parameter equation e(s) = (s, s, 1). Hence e(s) lies in the lightlike plane with the equation x 1 = x 2 . Next, assume thatᾱ has parameter equationᾱ(s) = (ᾱ 1 (s),ᾱ 2 (s),ᾱ 3 (s)), wherē α 1 ,ᾱ 2 ,ᾱ 3 are some differentiable functions. The condition g (ᾱ ′ , e ′ ) = 0 yieldsᾱ
Up to a translation of E 3 1 , we obtain that the striction line has parameter equationᾱ = (ᾱ 1 ,ᾱ 1 ,ᾱ 3 ) . Consequently, the ruled surfaceS is the lightlike plane with the equation x 1 = x 2 .
